The mechanism of dissipation operative at the nanoscale remains poorly understood for most cases. In this work, using molecular dynamics simulations, we show that the unstable out-of-plane mode leads to the absorption of energy from the in-plane motion in graphene. The in-plane vibration modulates the potential energy profile for the out-of-plane modes. For the fundamental out-of-plane mode in the loading direction, the minimum of the potential energy shifts because of in-plane compressive strain. The structure takes a finite amount of time to relax to the new potential energy configuration. A hysteresis in the out-of-plane dynamics is observed when the time period of in-plane excitation becomes comparable to the time required for this relaxation. Increasing the stiffness of the out-of-plane modes by giving an initial tensile strain leads to a considerable decrease in dissipation rate.
Introduction
Understanding the mechanism of dissipation at the nanoscale is important both for practical considerations and for fundamental studies. Application of nano-resonators for sensing different properties [1, 2] is limited by damping [3] or the Q factor, defined as the ratio of energy stored to the energy dissipated per unit period. The design of high Q nanoresonators is important for a number of other applications, with a few examples including force microscopy [4] , wireless transceivers [5] and fundamental studies of quantum mechanics [6, 7] . Dissipation in nano-resonators can result from different sources, which can be broadly classified as intrinsic and extrinsic loss mechanisms. A number of recent studies have aimed at understanding both the intrinsic [8] [9] [10] and the extrinsic [11] [12] [13] loss mechanisms operative at the nanoscale.
Intrinsic dissipation involves transfer of energy from the excited mode to internal thermal vibrations or phonons. The inherent non-linearity of the molecular forces couples the different vibrational modes and this leads to an irreversible transfer of energy from the slow mechanical modes to the thermal phonons. The classical mechanisms of intrinsic dissipation, namely the thermo-elastic dissipation, Akhiezer damping and Landau-Rumer coupling, are fundamentally the result of material non-linearity. In the case of nano-systems, non-linearities can emerge due to the geometric effect [14] . For example, the transverse deformation of a nano-beam is coupled with the stretching motion. These geometric non-linearities therefore introduce new channels for the flow of energy between different vibrational modes and hence may lead to novel mechanisms of dissipation. The relation between damping and the underlying dynamics however remains elusive for most nano-systems. In this work we identify the mechanism of dissipation in graphene under in-plane motion.
Graphene, a one atom thick sheet of carbon atoms, is known for its remarkable thermal, electrical [15] and mechanical properties [16] . It is the limiting case of a nano-electromechanical system in terms of the thickness. Experimental study has demonstrated the use of graphene sheet as a potential nano-resonator [17] . Different studies have been carried out to understand the dissipation mechanism in a graphene resonator [18] [19] [20] [21] [22] under flexure deformation, and the edge atoms were identified to be an important source of dissipation under such a mode. While attempts have been made to understand the different dissipation mechanisms operative in the flexure mode, the dynamic behavior of graphene under longitudinal in-plane motion remains largely unexplored. A rich and exciting physics can be expected in the study of attenuation of longitudinal waves in a sheet which is an atomic layer thick. The anharmonic coupling between the bending and stretching modes is known to stabilize a two-dimensional membrane [23] . Such a coupling can also lead to an irreversible transfer of energy from one to the other.
In this work, using molecular dynamics (MD) simulations, we show that an irreversible transfer of energy indeed takes place from the in-plane longitudinal motion to the out-of-plane vibrations. We identify this to be the dominant loss mechanism for the in-plane motion under the frequency range studied (20-100 GHz). The irreversible energy transfer is shown to take place due to hysteresis behavior in the fundamental out-of-plane mode in the loading direction. The dissipation rate, measured as the Q factor, shows a non-monotonic scaling with frequency, becoming a maximum at some value. The maximum in the dissipation rate is shown to correspond to a maximum hysteresis in the fundamental out-of-plane mode amplitude. We propose that the hysteresis takes place due to periodic modulation of the potential energy profile for the out-of-plane mode.
Simulation details
Graphene was initially relaxed using NPT simulation at 300 K with periodic boundary conditions in the in-plane (x-y) directions. We consider two different relaxed configurations, which are identified as structure A and structure B. The dimensions of structure A are 96.66Å × 100.45Å and the dimensions of structure B are 96.66Å×133.87Å. The relaxed structures were further equilibrated at 300 K using an NVT Figure 2 . The increase in the average internal energy with the number of periods for an ensemble excited at 40 GHz. ensemble for 2 ns. After equilibration, the structure was given a periodic in-plane deformation. Figure 1 shows a schematic diagram of the simulation setup. The in-plane excitation was given by periodically changing the box dimension in the y direction. The length in the y direction, l yd , was varied as l yd = l y + a sin(ωt). Here, l y is the undeformed length, a is the amplitude of deformation, ω is the angular frequency of excitation and t is the elapsed time. The amplitude of deformation was taken to correspond to a strain amplitude of 0.18% in the y direction. Frequency values in the range of 20-100 GHz were considered. For each frequency value ten different ensembles were taken, and for each ensemble 200 oscillation periods were considered for computing the dissipation rate.
During the loading process no thermostating was performed. This implies that dQ = 0, where dQ is the differential heat exchanged with the environment. Let dW be the differential work done on the system and dE be the differential increment in its internal energy. From the first law of thermodynamics it then follows that dW = dE. For an equilibrium process, net work done during a cyclic deformation is zero. For a non-equilibrium process, such as loading at finite rate, net work is done on the system during cyclic loading. The average work done per unit period is a measure of the dissipation rate. For an isolated system, the work done will result in an increase in the internal energy and hence the temperature of the system. Let W avg be the average work done per unit period and E be the change in internal energy after n periods. From the relation dW = dE it follows that E = n W avg . Thus, from the rate of increase of internal energy per unit period, W avg can be determined. Figure 2 shows the plot of average internal energy, E avg , with the number of oscillation periods for ensemble excited at 40 GHz. The plot shows that E avg increases linearly with the number of periods. The slope of E avg versus the number of periods of oscillation gives the energy dissipated per unit period, E disp . For forced vibration E disp is a measure of the rate of energy input required to sustain the motion (in our case the in-plane vibration). In the absence of such energy input the motion will die down. Also, E disp corresponds to the rate at which the excited mode loses its energy to other degrees of freedom.
Dissipation is often measured in terms of dimensionless Q factor, which is defined as the ratio of maximum elastic energy stored in the structure to the average energy lost per unit oscillation period. It should be pointed out that the energy lost here refers to the loss of energy from the excited deformation (in our case the in-plane motion). The mechanical energy stored, E str , in uni-axial deformation is obtained as
y . E is Young's modulus, V is the volume of the structure, ν is Poisson's ratio and y is the strain amplitude. The Q factor is then computed as Q = 2π
. The material properties of graphene, required for computing E str , were taken from previous studies [24] .
MD simulations were performed using LAMMPS (Large-Scale Atomic/Molecular Massively Parallel Simulator) [25] and the adaptive intermolecular reactive empirical bond order (AIREBO) potential [26] was used to model the force field for carbon atoms. A time step of 0.5 fs was used with the velocity Verlet integration scheme. During the equilibration process, the thermostating was performed using the Nosé-Hoover thermostat.
Intrinsic dissipation is mediated by the interaction between the different vibrational modes present in a structure. The mechanism of dissipation can be understood by computing the amplitude and velocity for different modes. We have used modal analysis to resolve the dissipation mechanism for graphene under stretching deformation. A section on modal analysis follows. The methodology discussed in this section will be used later to identify the mechanism of dissipation.
Modal analysis
The mode amplitude and velocity can be computed by projecting the positions and velocities obtained from molecular dynamics simulations on to the mode shapes. In particular, we are interested in the out-of-plane modes for a graphene sheet. In a two-dimensional structure, such as graphene, the in-plane motion is strongly coupled to out-of-plane vibrations. We therefore expect the out-of-plane modes to be dominant modes responsible for dissipation under stretching deformation.
The mode shapes, required for computing the modal coordinates, can be obtained by different methods. We use the results from continuum theory to compute the out-of-plane mode shapes. Using linearized plate theory the mode shapes, φ( x), are obtained as φ( x) = P exp(i k · x). P is the polarization vector, k is the wavevector and x is the mean position vector of the atom. For periodic boundary conditions in the in-plane directions (x and y), k is given as k =
Here n, m refer to the mode number and can take positive integral values. l x and l y are the lengths in the x and y directions, respectively. We consider the fundamental out-of-plane mode in the y direction (n = 0, m = 1), which is identified as mode 1. Mode 1 spatially depends only on the y coordinate. The mode shape, φ(y mj ), for mode 1 can be expressed as
Here y mj is the mean y coordinate of the atom labeled j. Let z j and v zj denote the z displacement and velocity for the jth atom. The mode amplitude, A m , and the mode velocity, V m , for mode 1 are obtained as
and
Here, nat is the total number of atoms in the structure and N f is the normalization factor, obtained as
Let V r and V c be defined as
The kinetic energy of an atom j, Ke j , for mode 1 is given as
where m is the mass of each atom. The total kinetic energy for mode 1, Ke m , is then obtained as 
Results and discussion
We studied the scaling of dissipation rate with frequency for two different graphene structures, A and B. The structures were given a periodic in-plane motion using the method described and the dissipation rate was computed for different frequency values. Figure 3(a) shows the plot of Q factor versus frequency for the two different structures at 300 K. A non-monotonic trend in the dissipation rate is observed. The Q factor becomes a minimum, and hence the dissipation rate a maximum, at 80 GHz for structure A and at 60 GHz for structure B. In order to study the thermal effects on the dissipation rate, we computed the Q factor versus frequency at a very low temperature of 0.1 K. Structures with the same bond length, as used for studies at room temperature, were considered for analysis at 0.1 K. This was done to isolate the effect of temperature from strain effects. The inset of figure 3(a) shows the plot of Q factor versus frequency at 0.1 K. The results show a similar non-monotonic trend as observed for the case of 300 K. The frequency value at which the maximum dissipation occurs, however, shifts to a lower value. The minimum Q factor for both the structures at 0.1 K remains roughly the same as that obtained at room temperature. This shows that the mechanism of dissipation is athermal in origin, and the thermal effects only change the frequency value at which maximum dissipation occurs.
We investigated the role of out-of-plane motion in the dissipation rate using constrained MD simulations. Structure A was equilibrated at 300 K but with the motion constrained in the x-y plane (no out-of-plane motion). This was achieved by setting the out-of-plane component of the force on each atom to be zero. The Q factor versus frequency dependence was then computed using the method discussed before. Figure 3(b) shows the plot of Q factor versus frequency obtained for the case of constrained in-plane motion. An enhancement of Q factor by almost two orders of magnitude is observed in this case. The results point out that the out-of-plane motion is an important medium for extracting energy from the in-plane motion.
We then studied dissipation in graphene subjected to an initial tensile strain. Figure 3(b) shows the plot of Q factor versus frequency obtained for structure A with an initial tension of 1.7% in the x and y directions. The Q factor remains constant with frequency. A drop in the dissipation rate by almost an order of magnitude, in comparison with the case of zero initial strain, is observed. Application of tension to a thin sheet, such as graphene, has the effect of increasing the stiffness of the out-of-plane modes. Large deformation plate theory predicts that the out-of-plane stiffness, k stiff , scales as
2 ), where s is the in-plane strain. These results indicate that increasing the stiffness of out-of-plane modes has the effect of decreasing the dissipation for the in-plane motion.
Out-of-plane mode dynamics
The results of simulations indicate that the out-of-plane modes are an important channel for absorbing energy from the in-plane motion. We therefore study the out-of-plane mode dynamics for the graphene structure under in-plane excitation. The MD trajectories for the case of zero initial strain (unless mentioned otherwise) and with no constraint on the out-of-plane motion are considered for this analysis. We only present the results obtained from analysis of structure A. For structure B similar results were obtained and they are therefore not presented.
Before studying the out-of-plane mode dynamics from MD data, it would be useful to analyze the role of in-plane strain on the out-of-plane modes using continuum theory. The continuum theory has been accurate in predicting dynamical properties, such as vibrational frequency of the out-of-plane modes, for graphene [27] . The potential energy, PE, associated with out-of-plane motion, w(x, y), for a graphene sheet with an in-plane strain, y , in the y direction is given as
Here, K b is the bending modulus and h is the thickness of the graphene sheet. The potential energy expression in equation (9) is a leading order approximation for the total energy. We consider the energy associated with different out-of-plane modes. Let w n,m (x, y) be the outof-plane displacement for a mode labeled n, m, which is given as w n,m (x, y) = A n,m cos(
). A n,m is the mode displacement for a mode labeled n, m. For such a displacement profile the potential energy, PE n,m , is obtained as
Here C is a constant, which has a value of 8 if n = 0, m = 0 and is equal to 4 otherwise. For instability we must have
Analysis of this expression shows that the minimum negative strain for instability corresponds to n = 0 and m = 1. This is mode 1 as referred to in the section on modal analysis. We therefore expect mode 1 to be the first mode to become unstable when graphene sheet is given a compressive strain. The potential energy profile for mode 1 (discussed later) indeed shows that it becomes unstable. Mode 1 is therefore expected to dominantly govern the dynamics and is the one considered for further analysis. We computed the kinetic energy gained by mode 1 during each period of oscillation. The difference in the Ke m values between the beginning and end of each period gives the kinetic energy gained by mode 1, Ke m , during each period of oscillation. The difference in the internal energy between the beginning and end of each period gives the total energy gained by the structure, E, during each period of oscillation. Figure 4(a) shows the plot of Ke m versus E for structure A under periodic in-plane excitation at 80 GHz. From the plot it is evident that a strong correlation exists between E and Ke m . For positive values of E, Ke m is of similar magnitude to E. This shows that the structure absorbs energy dominantly through mode 1. For zero or negative values of E, Ke m is negative, with a larger absolute value as compared to E. These periods of oscillations correspond to the transfer of energy from mode 1 to other vibrational modes in the structure. In the process the total energy of the structure either remains constant ( E = 0) or is partly transferred back to the forcing medium ( E < 0). Mode 1 therefore extracts energy from the in-plane motion and dissipates it into the other vibrational modes. We also computed Ke m versus E for structure A with an initial tension. The result of this analysis is depicted in figure 4(b) . No such correlation between the two quantities is observed. Furthermore, Ke m values are roughly two orders of magnitude smaller than those of E. This shows that the role of mode 1 in the process of dissipation decreases with the application of tensile strain.
In order to elucidate the role of mode 1 as a channel for energy dissipation, mode 1 amplitude, A m , values were computed for graphene under in-plane excitation. Because of periodic deformation, A m is expected to be a function of time. For each period of oscillation, time instances separated by an interval t = 5 fs were considered and A m values were computed at these instants of time. Let t ij denote the time j t from the beginning of the ith oscillation period. Let A ij denote the value of A m at t ij and s j the in-plain strain value at that instant. A ij was then averaged over a number of oscillation periods to get A j such that A j = 1 nprds nprds i=1 A ij , where nprds is the total number of oscillation periods. Figures 5(a)-(e) show the plot of A j versus s j for structure A under in-plane excitation. The plots correspond to different frequency values in the range of 20-100 GHz. We see that there is a hysteresis in the response of A j such that for each value of s j two different A j values are obtained.
Dynamic hysteresis-analysis
We now ascertain the physical cause for mode 1 hysteresis observed during cyclic in-plane loading. The in-plane strain is an input which results in mode 1 hysteresis. It would therefore be useful to study the potential energy of graphene sheet as a function of these two deformations. Using the AIREBO potential, the total potential energy for graphene was obtained as a function of A m for different in-plane strain values. In order to obtain the potential energy profile for mode 1, the flat sheet was first given an in-plane strain. This was done by scaling the y coordinates corresponding to the strain value, s j . The atoms were then moved in the z direction such that atom i had a z displacement, z i , given as
Here l j is the deformed length in the y direction and is related to s j as l j = l y (1 + s j ). The A m value was varied from −3.5 to 3.5Å with an increment of 3.5 × 10 −2Å . For each value of A m the total potential energy was computed using the AIREBO potential to get U(A m , l j ). It should be pointed out that the atoms were given the specified motion only for computing the potential energy. This was done separately from the simulations used for computing the dissipation rate, in which case the atoms were free to move in accord with Newton's law of motion. Figure 6 (a) shows the potential energy as a function of A m for structure A with 0.18% tensile strain and with a compressive strain of 0.18% in the y direction. These values correspond to the strain amplitude used for computing the dissipation rate. Under tensile strain the minimum in the potential energy is at |A m | = 0.26Å, while under compressive strain the minimum shifts to |A m | = 1.428Å. Further, the potential energy is a maximum at A m = 0 for the compressive case, thereby showing that A m = 0 is an unstable point. An out-of-plane deformation corresponding to mode 1 is therefore an unstable one for the flat graphene sheet. If the sheet is perturbed with such a deformation it will not tend to return to the flat configuration.
The shift in the minimum potential energy point for mode 1 was further validated using equilibrium MD simulation. Structure A was equilibrated at 300 K with initial compressive and tensile strains of 0.18% in the y direction. The A m values were then computed for the two cases. Figure 6(b) shows the probability density function (pdf) obtained for A m . Under the tension case the pdf is centered around 0.25Å, while for the compressive case it is centered around 1.4Å. This shows that the minimum energy point for mode 1 depends on the in-plane strain.
A periodic in-plane strain would therefore keep on modulating the position of the minimum potential energy point for mode 1. The structure would require a finite amount of time to relax to the new minimum energy point. This would result in a phase lag between the response (A j ) and the input (s j ). The nature of the response curve would depend on the complex potential energy surface traversed by the structure.
A simple estimate of the hysteresis time scale can be made by considering the act of quenching structure A from a tensile strain of 0.18% to a compressive strain of 0.18%. When the structure is quenched from the tensile to the compressive state, the buckling time is the time required for the structure to move from A m = 0.266 to 1.428Å. For computing the buckling time, mode 1 dynamics was studied. The dynamics of mode 1 can be described as the motion of a single particle in the potential energy curve U(A m , l j ). The equation of motion for mode 1 is given as
The equation describes the motion for mode 1 assuming other modes to be absent. The initial velocity for mode 1 was taken from the equilibrium distribution in the tensile state. The time required to reach A m = 1.428Å was computed for different initial velocities. The mean relaxation time, τ r , was then determined by taking an average over the initial conditions. τ r for structure 1 at 300 K was estimated to be 2.42 ps. For dissipation mechanisms due to relaxation, the angular frequency corresponding to maximum dissipation, ω m , satisfies ω m τ d = 1, where τ d is the relaxation time specific to the mechanism of dissipation. Assuming similar behavior for the relaxation of mode 1, the frequency for maximum dissipation, f m , is obtained as f m = 1 2πτ r = 65.582 GHz for structure A. This is smaller than 80 GHz, the frequency value corresponding to the maximum dissipation for structure A at 300 K. A more accurate estimate would require considering the noise and the dissipative forces, which have been neglected in our analysis.
Further, we expect a hysteresis in the response of mode 1 only when the time period of in-plane excitation is comparable to the buckling time. For time periods much larger than the relaxation time no hysteresis in A m is expected. We validated this by studying the response of mode 1 for structure A with an in-plane loading of time period 2 ns. For such deformation, mode 1 gets ample time to relax to the modulated potential energy curve. The response is then expected to follow the input. Figure 7(a) shows the plot of A m as a function of time for one oscillation period with a time period of 2 ns (frequency of 0.5 GHz). The input strain (scaled) value has also been plotted alongside. During the tensile half of the cycle A m is negligibly small. This is expected, as the minimum energy point for mode 1 during tension is around zero. During the compressive half of the cycle the minimum energy point shifts. A m becomes large and symmetrically follows the input strain. Thus, no hysteresis in the response is observed for this case. The case for excitation at 80 GHz (time period of 12.50 ps) is then considered for comparative analysis. Figure 7 (b) shows the plot of A m versus time for this case. A lag in the response is observed. A m reaches a maximum value nearly at the end of the oscillation period for the input strain. The mechanism of dissipation due to out-of-plane hysteresis is therefore important only for time scales comparable to the relaxation time. For excitations with much longer time period other dissipation mechanisms may become dominant.
Dissipation mechanism
We now explain the mechanism of loss of energy from the in-plane vibration in view of the observed hysteresis in the out-of-plane mode amplitude. The loss of energy from the in-plane motion can be ascertained from the response curve of A j . We consider the A j versus s j curve for the loading of structure A at 80 GHz ( figure 5(d) ) and compute the force, f j , using the relation f j = ∂U(A j ,l j ) ∂l j . f j was computed numerically using a local linear fit of U(A m , l j ) versus l j . The slope of the linear fit gives the value of f j . The Hamiltonian for mode 1,
H is therefore a function of l j , which itself is a function of time. For such a time varying Hamiltonian, the differential work done on the system, dW, is given as dW = ∂H ∂l j dl j . The total work done during a cyclic deformation is then obtained as W = dW = f j dl. A hysteresis in f j would therefore lead to a net non-zero work on the system. Figure 6 (c) shows the plot of f j versus s j . The direction of arrows shown in the figure corresponds to the loading direction. For the compressive half of the cycle, we see that the magnitude of force required for loading from 1 to 2 is more than that required for unloading from 2 to 1. Thus the effective in-plane stiffness of the structure is higher during loading and decreases during the return path. A similar conclusion can also be drawn using the continuum theory. The virial component of stress in the y direction, σ yy , is given as σ yy ( y ) = 1 V ∂U ∂ y . Using the continuum expression of potential energy in equation (9) for the out-of-plane motion and the elastic energy contribution from the in-plane strain, we obtain
Further, assuming that the out-of-plane deformation is dominantly described by mode 1, we get
We define an effective modulus, E eff , as E eff = σ yy ( y ) y . Using equation (15) we get
For negative values of y , equation (16) shows that the higher is the value of A m the lower is the value of E eff . The higher value of A m during the return path shows that the effective modulus decreases during the return path. The schematic diagram shows a side view of a graphene sheet which is given a deformation in the y direction. The compressive half of the cycle has been illustrated here. The structure is loaded from state 1 to state 2 and then unloaded back to state 1.
For the same value of in-plane strain (identified by the length in the y direction), we see that the out-of-plane amplitude is higher during unloading. The effective in-plane modulus of a thin sheet is lower for a higher value of out-of-plane amplitude. The magnitude of in-plane stress during loading, |σ L yy |, is therefore higher than the unloading value, |σ UL yy |. As a result, the structure absorbs energy and heats up.
The elastic softening during the return path would mean that the energy stored during loading is not released completely during unloading. This would result in a loss of energy from the in-plane motion. The schematic diagram illustrated in figure 8 summarizes the mechanism of dissipation. We expect the loss to be a maximum when the difference in the stiffness (and hence A m ) between the forward and the return path is a maximum. From figures 5(a)-(e) we can see that the difference in the A m values between the loading and unloading paths during compression becomes a maximum at 80 GHz. The Q factor therefore becomes a minimum at this frequency value.
The weak dependence of Q factor on temperature observed for the case of in-plane vibration can also be understood from this mechanism. The minimum potential energy point for the out-of-plane mode depends on the in-plane strain. The periodic in-plane strain would result in similar modulation of potential energy profile for mode 1 at low temperature (for low temperature study the same lattice constant as that for room temperature was considered). The out-of-plane mode hysteresis is, therefore, observed even at low temperature. The dissipation rate depends on this hysteresis behavior. Hence, the observed Q factor shows a weak dependence on temperature. This is in contrast with phonon mediated damping, which involves the high frequency thermal phonons. The energy absorbed by thermal phonons depends on the phonon occupation number. The phonon occupation number is given by the Bose-Einstein statistics and is a strong function of temperature. Hence, for phonon mediated damping the Q factor strongly depends on temperature. We expect this to be the case for the flexure mode. As reported in the previous studies [18, 21, 22] , for the flexure mode the inverse Q factor shows a T n dependence, where n is in the range of 0.3-3.
Conclusions
MD simulations have been used to study the dissipation in graphene under in-plane excitation. The coupling between in-plane and out-of-plane motion was shown to result in the loss of energy. A hysteresis in the out-of-plane dynamics was observed. The periodic modulation of the minimum potential energy point for the fundamental out-of-plane mode and the finite amount of time needed to relax to the new state were shown to be the reason for this lagging behavior. A maximum hysteresis was observed for the frequency value corresponding to maximum dissipation. Giving an initial tensile strain to the graphene sheet results in the stiffening of the out-of-plane modes and reduces the dissipation rate considerably.
